ABSTRACT. In this paper we present an a posteriori error estimator for the stabilized P 1 nonconforming finite element method of the linear elasticity problem based on a nonsymmetric H(div)-conforming approximation of the stress tensor in the first-order Raviart-Thomas space. By combining the equilibrated residual method and the hypercircle method, it is shown that the error estimator gives a fully computable upper bound on the actual error. Numerical results are provided to confirm the theory and illustrate the effectiveness of our error estimator.
INTRODUCTION
In this paper we consider a homogeneous linear elastic material occupying a planar domain Ω whose displacement u : Ω → R 2 is described by the equations σ = Cϵ(u), −div σ = f in Ω (1.1) subject to the boundary conditions
where σ is the Cauchy stress tensor, ϵ(u) = 1 2 (∇u + (∇u) T ) is the linearized strain tensor, and n is the unit outward normal on ∂Ω. For simplicity, we assume that Γ D is not empty, but it is easy to extend all subsequent results to the pure Neumann case.
The coefficient C is a fourth-order elasticity tensor which is bounded, uniformly positive definite and satisfies the symmetry condition. Hereafter we restrict ourselves to the isotropic material in a state of plane strain, in which case C is given in the form Cϵ(u) = 2µϵ(u) + λ div uI, where I is the 2×2 identity tensor and µ, λ are the Lamé constants satisfying 0 < µ 1 < µ < µ 2 for some fixed µ 1 , µ 2 and 0 < λ < ∞. Nowadays it is well established that one should apply adaptive mesh refinement based on a posteriori error estimators for efficient implementation of numerical methods. Various types of error estimators have been developed and successfully implemented for the linear elasticity problem; see, for example, the survey paper [1] . We are particularly interested in the error estimators which give fully computable upper bounds on the actual error without involving unknown constants. Such error estimators were constructed in [2] for the P 1 conforming element and in [3] for the P 2 conforming and nonconforming elements by combining the equilibrated residual method and the hypercircle method. The key step there was recovery of a symmetric H(div)-conforming approximation of the stress tensor σ in an appropriate finite element space of symmetric tensors from the equilibrated normal stress approximation, which is quite complicated due to the large dimension of the local finite element space used (the Arnold-Winther space in [2] and the Arnold-Douglas-Gupta space in [3] ), although the computation is done locally on each element.
In this paper we propose a new error estimator which requires much less computation than [2, 3] , while achieving fully computable upper bounds on the actual error. This is accomplished by recovering a nonsymmetric H(div)-conforming approximation of the stress tensor σ in the nonsymmetric Raviart-Thomas space of first order whose local dimension is smaller and makes the implementation easier than the symmetric tensor spaces mentioned above. When compared with the ones from [2, 3] , our estimator contains the additional contribution arising from the non-symmetry of the recovered stress tensor approximation and thus strongly depending on computable upper bounds on the constants of local Korn's inequality. A similar consideration was given to the Stokes problem in [4] but the derived estimator was not fully computable as the constant in the upper bound was not estimated.
To fix ideas, we consider the stabilized P 1 nonconforming finite element proposed in [5] for which, unlike the P 1 conforming element, the equilibrated normal stress approximation is explicitly constructed without solving local linear systems. It is straightforward to apply subsequent results to other P 1 and P 2 finite elements as long as the equilibrated normal stress approximation (defined in Section 3) is available.
The rest of the paper is organized as follows. In the next section we introduce the stabilized P 1 nonconforming finite element method and some computable estimates related to Korn's inequality. In Section 3 we construct the nonsymmetric H(div)-conforming approximation of the stress tensor and then derive the a posteriori error estimator which yields an upper bound on the actual error in Section 4. Finally, Section 5 presents some numerical results to confirm the theory and illustrate the effectiveness of our error estimator.
2. STABILIZED P 1 NONCONFORMING FEM AND KORN'S INEQUALITY 2.1. Stabilized P 1 Nonconforming FEM. Let T h = {T } be a regular triangulation of Ω into triangles with h T = diam(T ) and h = max T ∈T h h T . The set of three edges of an element T ∈ T h is denoted by E T and the unit outward normal on ∂T by n T .
Let E Ω , E D and E N be the collections of all edges of T h lying on Ω, Γ D and Γ N , respectively, and set E h = E Ω ∪ E D ∪ E N . For each edge E ∈ E Ω , we fix a unit normal vector n E and define the jump of v across E = ∂T + ∩ ∂T − as
where n E is directed from T + to T − . For a boundary edge E ∈ E D ∪ E N , n E is taken to be outward to ∂Ω and [ [v] ]| E is set to be zero.
Let P k (T ) be the space of all polynomials on T whose total degrees are less than or equal to k and let RM(T ) := span{(1, 0), (0, 1), (y, −x)} be the space of rigid body motions on T . Notice that v ∈ RM(T ) if and only if ϵ(v) = 0.
The Crouzeix-Raviart P 1 nonconforming finite element space is defined as
and the subspace of V h with zero mean values on E D as
Then the stabilized P 1 nonconforming FEM for the linear elasticity problem (1.3) reads as follows (cf. [5] ):
where
Here γ > 0 is the stabilization parameter, h E = diam(E), and ϵ h (·) is the differential operator ϵ(·) applied piecewise over T h .
2.2.
Korn's Inequality and related estimates. For a subdomain K ⊂ Ω, Korn's inequality asserts that there exists a constant R K > 0 depending only on K such that
Using the results in [6, 7] , one can obtain the following computable upper bounds
for a triangle T with the minimum angle θ min and a square S (see [8] ).
In deriving the a posteriori error estimator based on a nonsymmetric approximation of the stress tensor, we will need the operator
The following estimates were first noted in [3, Appendix A]
where h K is the diameter of K. The first result is a direct consequence of Korn's inequality (2.2) and the second result can be obtained by applying the Poincaré inequality [9] and then the first result.
H(div)-CONFORMING APPROXIMATION OF STRESS TENSOR
To recover a H(div)-conforming approximation of the stress tensor σ, we first need to construct the normal stress approximation g T ≈ σn T | ∂T on every element T ∈ T h which fulfills the following equilibration conditions (see, e.g., [2, 10, 11] )
For the stabilized P 1 nonconforming FEM (2.1), this can be done by an easy adaptation of the result for the Stokes problem given in [4] .
Definition 3.1. For each T ∈ T h and E ∈ E T , we define the normal stress approximation
∂T is the jump of v from the interior to the exterior of T
Here ϕ
E denotes the scalar-valued local basis function for P 1 (T ) associated with the edge
The proof of the equilibration conditions (3.1)-(3.3) can be done similarly to [4, Theorem 1]. Now we recover a nonsymmetric H(div)-conforming approximation σ h of the stress tensor in the nonsymmetric Raviart-Thomas space of first order from the equilibrated normal stress approximation g T given in Definition 3.1 which is piecewise linear over ∂T . We remark that the same recovery process was exploited in [12] for a posteriori error estimation of the Stokes equation involving the nonsymmetric gradient tensor. Below P k denotes the L 2 projection onto the space of piecewise constant (k = 0) or linear (k = 1) functions over T h .
Definition 3.2. For each element T ∈ T h , we determine σ
1 h | T ∈ (P 1 (T )) 2×2 by the condition σ 1 h | T n T = g T on ∂T and
define the stress tensor approximation
Since (x − x i )λ i has vanishing normal components on ∂T , we immediately get 
Proof. The proof of the first result is essentially given in [12] . We recall the proof for the reader's convenience. Taking v ∈ (P 0 (T )) 2 in (3.3), we can show that
which is the first result. To prove the second result, we use (3.4), the first result and then (3.3)
Now the second result is obtained by taking v h = (y, −x).
A POSTERIORI ERROR ESTIMATION
In this section we will derive and analyze an a posteriori error estimator which gives a fully computable upper bound on the numerical error u − u h of the P 1 nonconforming FEM (2.1) measured in the energy semi-norm
Following [3, 4] , we decompose the error u − u h into two contributions
By the Galerkin orthogonality (Cϵ
The following lemma presents the abstract error formulas for the two contributions on the right-hand side, the proof of which is a simple modification of that of [4] . 
Proof. The first result is an immediate consequence of the equality 4.1. Conforming error estimator. In this subsection we combine the equilibrated residual method and the hypercircle method to derive an estimator for the conforming error |||u − ξ||| based on the estimate (4.2). To begin with, let us define the symmetric and antisymmetric parts of a tensor τ = τ S + τ AS by
where τ T is the transpose of τ . It is obvious that
Now we present the main result of this paper which generalizes Theorem 3.4 in [2] to the nonsymmetric H(div)-conforming approximation of the stress tensor.
Theorem 4.2. Let σ h be defined by Definition 3.2 and let
for an element T and a subdomain K. Then we have
Moreover, if Ω is partitioned into the subdomains {Ω i } N i=1 such that each Ω i is a union of elements in T h , then we have
Proof. We are going to estimate the right-hand side of (4.2). First note that for
Using integration by parts, we get
The first term is simply bounded by ∫
The second term is handled by using the first result of (3.5) and the estimate (2.5)
where we used the inequality
For the third term, we use the second result of (3.5) and the estimate (2.4) on each element
Otherwise we can do the same thing on each subdomain Ω i to obtain ∫
The proof is completed by invoking the estimate (4.2). 
where N h is the set of all linear or quadratic Lagrange nodes of
and ω z is the set of all elements in T h sharing the node z. The proof of the following theorem is trivial and thus omitted.
Theorem 4.5. Let u h be the continuous piecewise linear or quadratic polynomial constructed as above and let
Then we have 
This term can be estimated using an extension of the boundary data (4.4) as in [3] or may be regarded as a higher order perturbation and negligible if u D is piecewise smooth over E D .
NUMERICAL RESULTS
In this section we present some numerical results to confirm the theory established in the previous section and illustrate the effectiveness of our error estimator. Since the domain Ω is either a square (Example 1) or composed of three squares which are unions of elements in T h (Example 2), we can define the total error estimator in two ways (cf. Theorem 4.2)
where the constants R T and R S are replaced by the upper bounds given in (2.3), respectively, and the data oscillation osc T (u D ) is ignored. The nonconforming error estimator η N C,T is computed using the piecewise quadratic polynomial. For comparison we also compute the total error estimator η
using the symmetric approximation of the stress tensor in the Arnold-Winther space (cf. [2] ). Numerical results are reported in Tables 1-2 , where the three contributions of the total error estimator are defined as
and the effectivity index θ is the ratio of the total error estimator to the actual error |||u − u h |||. We observe that θ is always bigger than unity, which means that the total error estimator gives an upper bound on the actual error as predicted by the theory. Although the best result is obtained for the estimator η sym , our estimator η 1 seems to be competitive in terms of accuracy and computational cost. This is partly due to the fact that the common contribution η N C is comparable to the sum η CF + η AS . Example 2. Let (r, θ) be the polar coordinates and consider the solution u = (
with the parameters chosen as
The corresponding body force f is then zero and the Dirichlet boundary condition is imposed on the whole boundary ∂Ω.
As the solution u is singular near the origin, we perform adaptive mesh refinement starting with the initial mesh shown in Fig. 1 and using the maximum criterion: mark an element T ∈ T h for refinement if η T > 0.5 max
where the local error indicator η T is defined with the three contributions of η 1 Two adapted meshes generated after 7 and 14 refinements are shown in the middle and right figures of Fig. 1 . As expected, the mesh refinement is highly concentrated around the origin to resolve the singular behavior of u. Furthermore, numerical results reported in Tables 3-4 confirm the theory and the effectiveness of our estimator η 1 also in the context of adaptive mesh refinement. Finally, it is found that the actual error attains the optimal order of convergence with respect to the number of unknowns N 
